The focus of this paper is to present and discuss new discrepancy measures of uniform designs (UDs) in the two-and three-dimensional spherical design regions B 2 and B 3 . The good lattice point (glp) method is used to construct the UDs in B 2 and B 3 because it generates good space-filling designs with low discrepancy and designs having small distance-based measures of uniformity. The best UDs were found in B 2 and B 3 for newly proposed discrepancy criteria. Best UDs based on three distance-based assessment criteria are also included for comparison. Distance-based criteria are alternative measures for design generation in higher-dimensional spherical regions with an example of design generation presented for B 4 .
Introduction
Experimental design regions vary in form and shape with the hypercube and hypersphere (or ball) being the most common. In the field of response surface methodology, extensive research exists for designs in spherical design regions. For example, model-based designs like the popular spherical central composite designs (Box and Wilson (1951) ), the BoxBehnken designs (Box and Behnken (1960) ), and the hybrid designs (Roquemore (1976)), are designs for which spherical design regions are assumed.
An s-dimensional spherical design region of radius ρ (denoted B s (ρ)) is defined to be the s-dimensional ball of radius ρ containing both the spherical surface and interior design points (Myers, Montgomery, and Anderson-Cook (2009)) . That is,
B
s (ρ) = (x 1 , x 2 , . . . , x s ) :
The ball B s (1) of radius 1 will be denoted simply as B s . Uniform designs (UDs) are popular alternatives to model-based response surface designs and are primarily used as space-filling designs. A design has good space-filling properties if its points are uniformly scattered in the experimental region of interest. Various methods can be applied for generating UDs. In our preliminary research, four methods of constructing UDs were studied. These were the good lattice point (glp) method, the cyclotomic field (CF) method, the Halton method and the Hammersley method. More details on these methods can be found in Fang and Wang (1994) . In this research, as in the research on hypercube experimental regions reported in Talke and Borkowski (2012) , the glp method was also found to be the method for generating the best UDs in s = 2 and s = 3 dimensional spherical experimental regions B 2 and B 3 . This was true if discrepancy or any distance-based measure was used for assessment. Thus, only the glp method to construct UDs will be considered. For higher-dimensional spherical regions B k (k > 3), the authors found no discrepancy measure that has yet been proposed or is readily implementable. Therefore, distance-based assessment criteria are proposed as the primary criteria for higher dimensions with an example of design generation presented for B 4 . The first step in generating s-factor UDs in spherical regions is to generate UDs in the s-dimensional unit cube C s = {(x 1 , x 2 , . . . , x s ) : 0 ≤ x i ≤ 1, i = 1, 2, . . . , s} using the glp method. Consider an experiment having s factors and n design points in C s . Then, the glp method for C s can be summarised in the following steps:
1 Find integer candidate generating vector H n = (h 1 , h 2 , . . . , h k ) with 1 ≤ h j < h j ′ < n for j < j ′ such that the greatest common divisor (gcd) between n and h j is 1 for j = 1, . . . , k. There are k integers that are relatively prime with n where k is given by the Euler function φ:
where n = p t1 1 p t2 2 · · · p tr r is the prime number decomposition of n, where p 1 , p 2 , . . . p r are distinct primes and t 1 , t 2 , . . . t r are positive integers.
2 From vector H n , generate an n × k matrix U k = (u ij ) where u ij = ih j mod (n) for i = 1, . . . , n and j = 1, . . . , k. If u ij = ih j mod (n) = 0, then set u ij = n. Note that each column of U k is a permutation of (1, 2, . . . , n) ′ because gcd (n, h j ) = 1 for each j.
3 Form the n × k design matrix X k from U k where the i th row of
for i = 1, . . . , n and j = 1, . . . , s. Each of the k-columns of X k is a permutation of (1/2n, 3/2n, . . . , (2n − 1)/2n) ′ .
4 Each subset of s columns of X k forms a k-factor n-point UD. The glp method considers all designs formed by all subsets of s columns of X k . Fang and Wang (1994) showed that, due to equivalence of subsets of generators, the first column of U k = (1, 2, . . . , n) ′ (and, hence the first column of X k ) should always be selected to reduce the number of UDs to generate. Thus, it suffices to consider the first column of X k and all subsets of s − 1 columns from the remaining k − 1 columns of X k .
The final step would be to determine which of the UDs in this set has the best space-filling properties. Different measures of the uniformity of scatter of the points will be considered for determining which UD is best. For example, consider n = 10 and s = 2 in C 2 = [0, 1] 2 . The prime number decomposition of n = 10 = 2 1 × 5 1 . Thus, the Euler function with p 1 = 2 and p 2 = 5 yields k = φ(10) = 4 with candidate generating vector H n = (1, 3, 7, 9). The results of the modular arithmetic (mod 10) would yield:
1 3 7 9 2 6 4 8 3 9 1 7 4 2 8 6 5 5 5 5 6 8 2 4 7 1 9 3 8 4 6 2 9 7 3 1 10 10 10 10 
A two-factor UD would then be any 10 × 2 matrix formed from column 1 and one of the other three columns of X 4 . The final step would be to determine which of the 10-row, 2-column UDs in this set optimises a chosen measure of the uniformity of scatter of its points. For additional details on the construction of UDs using the glp method, see Fang and Wang (1994) , Zhang et al. (1998), Fang and Lin (2003) , and Fang, Li, and Sudjanto (2006) .
Although limited tables of UDs exist when the experimental region is a hypercube, no such tables were found for a spherical design region. In this paper, s = 2, 3, and 4 factor UDs in B s , the s-dimensional ball of radius 1, will be generated via transformations of UDs generated by the glp method in the hypercube C s . However, the spatial uniformity of the n design points in C s is not always preserved after transformation to B s . That is, the best n-point UD in C s will not necessarily transform to be the best n-point UD in B s . Therefore, ideally the goal is to consider the set of all UDs in C s , find the corresponding designs in B s , compute the measure of uniformity of the points for each design in B s , and take the design that optimises the measure of uniformity. In this research, new discrepancy measures of uniformity are proposed in B 2 and B 3 . Alternative measures of uniformity in B s based on the distance-based criteria used by Borkowski and Piepel (2009) will also be considered. The best UDs selected under different assessment measures will be compared. This paper is organised as follows. In Section 2, the authors discuss how the distancebased criteria can be used as measures of uniformity in B s . Section 3 outlines the transformation of UD points from C 2 to form UDs in B 2 , and also introduces a new measure of discrepancy in B 2 . Section 4 outlines the transformation of UD points from C 3 to form UDs in B 3 , and also introduces a new measure of discrepancy in B 3 . Two numerical examples and tables of best UDs for B 2 , B 3 , and B 4 are presented in Section 5. Concluding remarks are given in Section 6.
Distance-based measures of uniformity
The distance approach used by Borkowski and Piepel (2009) to assess uniformity of design points in the s-dimensional hypercube C s will be extended to measures that assess uniformity in B s . Let x 1 , . . . , x n be any set of n points in B s and which form the rows of the n × s design matrix X:
The distance between a point x in B s and matrix X is defined as
is the Euclidean distance between a point x in B s and the nearest design point in X.
Borkowski and Piepel (2009) approximated three complex distance-based exact criteria using a large random sample in a highly constrained mixture design region. Analogously, if the design region is B s , the following numerical approximations will be used:
where rmsd = root mean square distance, ad = average distance, md = maximum distance, and {u 1 , . . . , u N } is a random sample of N points in B s . A good spacefilling design will have small rmsd(X), ad(X) and md(X) values because small values indicate that the design points in B s tend to be scattered evenly (uniformly) in the entire experimental region. Conversely, large values of these criteria indicate that a design is poor with respect to its space-filling properties. In this study, N = 4000 and N = 10000 evaluation points were used to calculate measures of uniformity in B 2 and B 3 , respectively.
The two-dimensional ball B 2
Fang and Wang (1994) and Yuan and Fang (2010) discuss how UDs can be obtained in a two-dimensional ball B 2 which corresponds to the unit disk:
Let the set Q n = {Q n (i) = (r i , θ i ), i = 1, 2, . . . , n} be points from a glp in C 2 . Then, the set of points P n = {P n (i) = (r i cos(2πθ i ), r i sin(2πθ i )), i = 1, 2, . . . , n} contains the n points in Q n transformed from C 2 into B 2 . However, despite the points of Q n being uniformly scattered in C 2 , this transformation does not preserve the uniformity of the scatter of the design points in B 2 . To achieve uniformity in B 2 a different transformation is needed. Consider the probability density functions (pdf's) for r and θ given by
with cumulative density function (CDFs) over the support given by
. . , n leads to the transformations
which are now uniformly scattered in B 2 . Therefore, when (r i , θ i ) are a set of uniformly scattered points in C 2 , the set of transformed points (x i , y i ) in (1) are uniformly scattered in B 2 (Fang and Wang (1994) and Yuan and Fang (2010) ). Figure 1 is an illustration of the transformation from C 2 to B 2 . That is, the shaded rectangle inside the square constructed by (r, θ) with the origin in C 2 is transformed into the sector shown in the unit disk B 2 in Figure 1 . Figure 2 shows how the n = 34 design points for eight glp designs are scattered before and after the transformation from C 2 to B 2 . The 8 glp designs in Figure 2 correspond to the non-equivalent generators in C 2 . Non-equivalent glp generators are a set of generating vectors whose design points cannot be found by a column permutation of other generators from the set. In this research, the measures of uniformity developed are invariant under rotation in C 2 and, hence, there is no reason to have two or more equivalent generating vectors as candidate generators.
The criteria for identifying equivalent generators for s = 2 and s = 3, are now summarised. In C 2 , two glp generating vectors (1, h i ) and (1, h j ) where h j > h i are equivalent if (h i × h j )mod(n) = 1 . Therefore, only the set of design points generated
are satisfied. Hence, in C 3 we only consider glp generating vector (1, h i , h j ). For s = 4, there are 23 conditions that need to be satisfied to find the equivalent generators. For s = 2, 3 and 4, a Matlab program was written to exhaustively search and identify all sets of equivalent generators. More details on the computational task reduction methods on how to identify which generating vectors are equivalent can be found in Talke and Borkowski (2012) . For example, Table 1 lists the equivalent generators for s = 2 and s = 3 in C s for n = 11 design points. Those that are in the first row of Table 1(a) and first column of Table 1(b) are referred to as the non-equivalent candidate generators in 2 and 3 dimensional unit cubes, respectively. The design points generated by these non-equivalent generators are then transformed to points in the s-dimensional ball B s . In this research, the first step is to generate the candidate set of UDs by transforming the design points from the nonequivalent generators in C s to B s and then identifying the best UD generators using the measures of uniformities. Then the search for the best UD generators is restricted to those generators identified in the first step and their equivalent generators. For example, in C 2 for n = 11 all the design points from non-equivalent generators in C 2 are transformed to B 2 and the best UDs generators are reported as step 1. For example, if the best glp has generator (1,2) for the rmsd criterion after transforming into B 2 , in step 2, it will then be compared to the glp with its corresponding equivalent generator (1,6), and the design generator that has the smallest rmsd criterion value is reported as the best generator in B 2 .
Table 1
Equivalent generators of glp for s = 2 and s = 3 when n = 11
(a) Equivalent glp generators for s = 2 and n = 11
Equivalent glp generators for s = 3 and n = 11
(1,2,6) (1,3,6) (1,2,5) (1, 6, 8) (1,7,9) (1,2,7)
(1,6,9) (1,5,8) (1, 2, 8) (1,4,6) (1,3,7) (1,2,9)
(1,6,10) (1,5,10) (1,2,10)
(1,5,6) (1,9,10) (1, 3, 4) (1,4,5) (1,3,9) (1,3,5)
(1,4,9) (1,5,9) (1, 3, 8) (1,4,10) (1,7,10) (1,3,10)
(1,4,7) (1,8,10) (1,5,7)
(1,8,9) (1, 7, 8) 
A new discrepancy measure of uniformity for B 2
In B 2 , as in C 2 , the degree of how well the points are uniformly scattered or the degree of uniformity has to be assessed numerically. In this subsection we present a new method of measuring the uniformity of design points in B 2 .
Suppose Q n = {Q n (i) = (r i , θ i ), i = 1, 2, . . . , n} is a glp set of points in C 2 . The so-called star discrepancy measure is given by
where N (r, θ) is the number of points in Q n that satisfy r i ≤ r and θ i ≤ θ (Fang and Wang (1994) and Yuan and Fang (2010) ). Geometrically, N (r, θ)/n is the proportion of points that fall in the shaded rectangle of Figure 1 for C 2 , and rθ is its area. Analogously, let P n be the set of points of Q n transformed into B 2 using (1). Let (r * , θ * ) be the polar coordinates for (x, y) in Figure 1 . The corresponding star discrepancy in B 2 is measured using
where N (r * , θ * ) is the number of design points in B 2 that fall in the shaded sector in Figure 1 constructed by r i ≤ r * and θ i ≤ θ * . Thus, D(P n ) in (3) is a new measure of discrepancy in B 2 which is analogous to the discrepancy measured in C 2 . It is calculated from the proportion of points
in the shaded sector constructed by r * and θ * and the x-axis to the ratio of the areas
. In summary, to compute an estimated discrepancy for a design in B 2 :
1 Transform the n points (r i , θ i ) of a UD from C 2 into B 2 using the transformation x i = √ r i cos(2πθ i ) and y i = √ r i sin(2πθ i ) for i = 1, 2, . . . , n.
2 Using the inverse tangent (arctan) function and the Pythagorean Theorem, convert each (x i , y i ) in Step 1 into an angle θ * and radius r * .
3 Estimate the discrepancy D(P n ) in (3).
As alternatives to discrepancy measures, the rmsd, ad, and md distance criteria do not require converting the random evaluation points (x i , y i ) into angles and radii. These three criteria are computed directly from the 4000 random evaluation points in B 2 .
The three-dimensional ball B 3
In this section, new measures of uniformity and methods of constructing UDs in B 3 will be presented. In texts, such as Fang and Wang (1994) , a "sphere" corresponds only to the spherical surface and not the interior points. However, the spherical design region appearing in the response surface design literature is the three-dimensional unit ball B 3 :
Let the set
be a set of UD points in C 3 . Then, the spherical coordinate transformation given by
) and
transforms the UD points in C 3 into the ball B 3 (Fang and Wang (1994) ). Recall that a point (x 1 , x 2 ) in B 2 can be represented in polar coordinates (r * , θ * ) with a radius r * and angle θ * . Similarly, in B 3 , each point P = (x 1 , x 2 , x 3 ) in rectangular coordinates can be represented uniquely by the spherical coordinates (ρ, θ, Φ) where
, and Φ = arccos x 3 ρ where ρ is the distance from origin O to P , θ is the angle formed by the projection of point P to the point Q in the x 1 x 2 -plane and Φ is the angle between the x 3 -axis and the line segment from origin O to P (see Figure 3 , Riddle (1977) ). Thus, ρ ≥ 0, 0 ≤ θ ≤ 2π, and 0 ≤ Φ ≤ π (Riddle (1977); Varberg and Rigdon (2000); Harris and Stocker (1998) ).
Figure 3 Geometrical illustration of the spherical coordinates
In this paper, the arctan 2 function in Matlab (2010) is used to find θ instead of the arctan function. The reason is that the arctan function does not identify the quadrant of the inverse tangent whereas the arctan 2 uses the sign of x 1 and x 2 to determine the quadrant and thus gives the four-quadrant inverse tangent of x 1 and x 2 (Aguilera and Aguila (2004) and Matlab (2010) ). For example, arctan( 
A new discrepancy measure of uniformity for B 3
No statistical literature was found that addresses how discrepancy for uniformly scattered sets of design points can be measured for the set of transformed points in B 3 . In this section, a new discrepancy measure is proposed and is applied to sets of points in B 3 . Although it is simple to find the area of the random sector in B 2 , finding the volume of a three-dimensional sector in B 3 is much more complicated. It depends on multiple angles and a non-constant radius. Thus, even though one can visualise a 3D sector in the interior of B 3 , there is no general closed-form formula to compute its volume because the height is not easily defined. Thus, a new alternative measure of discrepancy for B 3 is proposed. Unlike discrepancy in B 2 , the new discrepancy for B 3 is defined in terms of the proportion of points in a varying volume formed by a random ball cap, or more simply, a random cap. Figure 4 is the graphical display of a cap and it is a modified version of the image from Weisstein (2011). In Figure 4 , H is the height of the cap and r is the radius at the base of the cap, and R is the radius of B 3 which is scaled to have radius R = 1 in this research. The cap is uniquely determined by the height H and the direction of the axis in which slicing is done. In Figure 4 perpendicular slicing is done along the x 3 axis. If x 3 is greater than 0 then H = 1 − x 3 and forms an upper cap. The volume of an upper cap when R = 1 is:
However, if x 3 < 0, then the height H is obtained by H = 1 − |x 3 |, and this corresponds to a lower cap. Before defining a new measure of discrepancy for designs in B 3 , the authors must first define discrepancy in terms of the proportion of design points in an upper or lower cap.
Let P n be the set of design points in B 3 formed by applying the spherical coordinate transformation in (4) to the points of a glp design in C 3 . To get a more precise estimate of discrepancy, perpendicular slicing should occur after rotating the set of design points. Thus, caps will be formed by perpendicular slicing after a rotation of the design points, followed by calculation of the discrepancy after rotation. Define P n (θ R , φ R ) be the set of points formed by rotating the points in P n by rotation angles (θ R , φ R ) which are, respectively, multiples of π/3 and π/6 radians. Specifically, θ R ∈ Θ = { π 3 , 2π 3 , . . . , 2π} and φ R ∈ Φ = { π 6 , π 3 , . . . , π}. Therefore, 36 different rotation combinations of θ R and φ R are considered. Finally, let γ i = (e i1 , e i2 , e i3 ) for i = 1, . . . , N form the set of N random evaluation points in B 3 expressed in rectangular coordinates. For a given (θ R , φ R ), the discrepancies associated with an upper and lower cap are now defined. Suppose B 3 is to be sliced perpendicular to the x j -axis for j = 1, 2, or 3. If e ij ≥ 0 for evaluation point γ i , we then form the upper cap in B 3 sliced perpendicular at x j = e ij . For this upper cap compute:
where N ij (θ R , φ R ) is the number of design points that fall in the upper cap (i.e., the number of design points (x i1 , x i2 , x i3 ) in P n (θ R , φ R ) that satisfy e ij ≤ x ij . Then the volume of the upper cap is computed by replacing H with H ij = 1 − e ij in (5):
However, if e ij < 0 for evaluation point γ i , then we form the lower cap in B 3 sliced at x j = e ij . For this lower cap, interest is in N ij (θ R , φ R ) = the number of design points that fall in the lower cap along the x j axis (i.e., the number of design points (x i1 , x i2 , x i3 ) in P n (θ R , φ R ) that satisfy e ij ≤ x ij . The volume for the lower cap case is:
where
Note that the volume of the lower cap is subtracted from the volume of B 3 in (8) to find V cap (H ij ) which is needed to calculate D ij (P n (θ R , φ R )) in (6). For each evaluation point γ i = (e i1 , e i2 , e i3 ), the authors slice perpendicular along the three axes yielding three discrepancies, and then the maximum is taken:
This process is repeated for each of the N = 10000 γ i evaluation points, and a maximum is taken again. This defines the discrepancy measure for a given rotation (θ R , φ R ):
Note that evaluation point γ i determines which cap to consider. However, discrepancies defined in upper and lower caps or their complementary regions yield the same result. Thus, the authors only need to compute a total of three different discrepancies for each evaluation point. By definition, the discrepancy measure associated with design P n is the maximum of D(P n (θ R , φ R )) taken over the set of rotations. That is, D(P n ), the new measure of discrepancy of designs in B 3 , is defined as
Finding the best UD in B 3 using D(P n ) requires generating all n-point non-equivalent glp designs in C 3 . Then, for each of these designs, transform the points to form a design P n in B 3 , and the design P * n which minimises D(P n ) is the best UD in B 3 . Similarly, to find the best UD in B 3 using any of the three distance-based criteria (rmsd, ad, or md) requires finding the design P * n which minimises rmsd, ad, or md over all designs P n in B 3 generated from the set of all n-point non-equivalent glp designs in C 3 .
Examples and discussion
In this section, numerical examples and results for generating UDs in B 2 , B 3 , and B 4 will be presented.
Example of a UD in B 2
The eight pairs of plots in Figure 2 show that the scatter pattern of the n = 34 glp points in C 2 is not preserved after the transformation into B 2 with most of the points scattered in patterns emanating from the center of the circle. Table 2 shows the values of the new discrepancy, rmsd, ad, and md measures of uniformity in B 2 for n = 34 design points from the non-equivalent glp generators after being transformed from C 2 . A total of 4000 evaluation points in B 2 were used. The best measures of uniformity from the non-equivalent generators are shown by the bold-faced figures in Table 2 . That is, after transformation from C 2 to B 2 , the glp generator (1,13) is found to be the best for the three distance-based criteria whereas the glp generator (1,15) is the best for the new discrepancy measure. Now these best generators have to be compared with their corresponding equivalent generators. That is, (1,21) and (1,25) are the corresponding equivalent generators for (1,13) and (1,15), respectively, and their measures of uniformities are presented in Table 3 . Thus, the bold-faced figures in Table 3 indicate that generator (1,21) is the best based on rmsd and ad, (1,13) is the best based on md, and (1,25) is the best based on the new discrepancy measure. The best UDs generated by (1,21) and (1, 25) are shown in Figure 5 . Table 2 Measures of uniformity of non-equivalent generators from the glp method for B Figure 5 The best UDs from glp method for n = 34 design points in B 2 (see online version for colours) Table 4 contains the measures of uniformity for the non-equivalent glp generators transformed from C 3 to B 3 for n = 34 design points calculated over a set of 10000 evaluation points in B 3 . Also, the 36 different angle rotations θ R ∈ Θ and φ R ∈ Φ were used to compute the discrepancies D(P n ) in Table 4 . The best measures of uniformity from the non-equivalent glp generators are shown by the bold-faced values. That is, (1,13,25), (1, 11, 27) , (1,3,25), and (1,3,11) are the best generators based on the rmsd, md, ad and the discrepancy criteria, respectively. However, these best generators have to be compared with their corresponding equivalent generators. Comparison of the measures of uniformity is done among the equivalent glp generators shown in Table 5 . This is because (1, 13, 25) is equivalent to (1, 15, 21) and (1, 15, 25) , (1, 11, 27 ) is equivalent to (1,21,31) and (1,13,29) , and (1,3,11) is equivalent to (1, 15, 23) and (1, 25, 31) . The measures of uniformities are presented in Table 5 and the bold-faced values show the glp generators (1,13,25), (1, 11, 27) , (1, 3, 25) and (1, 15, 21) as the best based on rmsd, ad, md and the new discrepancy criteria, respectively. Using the equivalence task reduction method presented in Talke and Borkowski (2012) reduces the running time by approximately 1/3. Table 6 shows the best glp generators for the two-and three-dimensional ball for n = 10, 11, . . . 25 design points using the 4 measures of uniformity. However, for higher dimensional balls only the three distance-based measures of uniformity can be computed. For example, for the 4 dimensional ball the best final glp generators for n = 10, 11, . . . 25 design points using the three distance-based measures of uniformity are shown in Table 7 . As expected, the general trend, as can be seen from Tables 6 and 7, is that the measures of uniformity decrease as the number of design points increases. 
Example of a UD in B 3

Conclusions
In this study, new discrepancy measures of uniformity for designs in two-and threedimensional balls (B 2 and B 3 ) are presented. The glp method is used to construct UDs with small discrepancies. Tables for UDs in B 2 , B 3 for the complete set of the glp generators for n = 10, 11, . . . 50 design points using discrepancy and the three distance-based criteria are posted at http://www.math.montana.edu/∼jobo/cr/. The limitation of the study is that the proposed new discrepancy measures are defined only for two and three dimensions. Discrepancy measure for higher dimension (k > 3) is a problem for future work and is beyond the scope of this paper. However, in this paper the distance-based (rmsd, ad or md) measures are presented as an alternative measures of uniformity for higher dimension. The glp generators in B 4 for n = 10, 11, . . . 50 design points using only the three distancebased criteria is also posted at the same website.
